We report on a study of the density response in doped Weyl semimetals or Weyl metals in the presence of an external magnetic field. We show that the applied field leads to a contribution to the density response, which is topological in nature and is closely related to the phenomenon of chiral anomaly. This contribution manifests in a nonanalytic nonclassical correction to the electronic compressibility and the plasmon frequency, proportional to the magnitude of the magnetic field. Such a nonanalytic correction to the electronic compressibility is a smoking-gun feature of Weyl metals, which clearly distinguishes them from ordinary ferromagnetic metals.
I. INTRODUCTION
Weyl semimetals is a new class of Dirac materials, the interest in which has grown dramatically in the last few years, following several theoretical proposals for their realization.
1- 4 The recent theoretical prediction [5] [6] [7] and experimental observation of the very closely related Dirac semimetals [8] [9] [10] paves the way for the experimental observation of Weyl semimetals in the near future.
Many of the unique physical properties of Weyl semimetals may be regarded as being distinct consequences of a common underlying phenomenon, the chiral anomaly. [11] [12] [13] [14] [15] [16] [17] [18] [19] Chiral anomaly, 20,21 first discovered in the particle physics context, manifests in anomalous nonconservation of the particle number of particular chirality in the presence of an external electromagnetic field. It is a purely quantum-mechanical phenomenon which plays an important role in the modern understanding of topologically-nontrivial phases of matter in general. [22] [23] [24] In the context of Weyl semimetals, an important problem is to identify experimentally measurable phenomena, which can be attributed unambiguously to chiral anomaly. There are several proposals in the literature, involving either anomalous magnetoresistance, 13, 16 coupling between collective modes, 25 or nonlocal transport. 26 In this paper we focus on manifestations of chiral anomaly in density response of Weyl metals, which encompass both Weyl semimetals and doped Weyl semimetals, in which the Fermi energy is not too far from the Weyl nodes (what "not too far" means precisely will be explained below). We find that the density response of Weyl metals in an external magnetic field exhibits universal features, which are unique to Weyl metals, and may be regarded as yet another manifestation of chiral anomaly. In particular we find that Weyl metals, placed in an external magnetic field, possess a nonanalytic correction to the electronic compressibility and the plasma frequency, proportional to the magnitude of the magnetic field. We argue that this is a distinguishing smoking-gun feature of Weyl metals.
A necessary condition for the existence of a Weyl semimetal is the violation of either inversion or time reversal symmetry. This removes the Kramers degeneracy, which would otherwise preclude band touching points between pairs of nondegenerate bands. In this paper we will focus specifically on the case of broken time reversal symmetry, i.e. a magnetic Weyl metal. However, some of our results are in fact universal and independent of the specific realization of Weyl semimetal.
The rest of the paper is organized as follows. In section II we present a general expected picture of density response in a ferromagnetic metal based on symmetry considerations. In section III we consider a specific simple model of a Weyl metal, based on a magnetically doped topological insulator heterostructure. We demonstrate explicitly that the density response of a Weyl metal, at least at low doping levels away from the nodal Weyl semimetal, is expected to be qualitatively different from that of a regular ferromagnetic metal, discussed in section II. In section IV we find the plasmon collective mode frequencies of a Weyl metal in a magnetic field, explicitly considering both the cases of a clean and dirty Weyl metal. We finish with a brief discussion of our results and conclusions in section V.
II. DENSITY RESPONSE OF A FERROMAGNETIC METAL IN AN EXTERNAL MAGNETIC FIELD
We will begin with a simple symmetry-based picture of the density response of a ferromagnetic metal, placed in an external magnetic field. For simplicity of the presentation we will focus here only on the orbital effect of the external field. We will however discuss the effects of the Zeeman splitting separately in the discussion section.
Suppose we have a ferromagnetic metal with a uniform and time-independent magnetization along the zdirection. Let us also apply an external magnetic field in the z-direction B = Bẑ, where B can be either positive or negative and adopt Landau gauge A = xBŷ. We will assume that the magnetic field can have a smooth temporal and spatial variation.
Imagine integrating out electron variables to obtain an effective action for the electromagnetic field, which encodes the electromagnetic response of the metal. To the first order in the magnetic field, this action will have arXiv:1404.4890v2 [cond-mat.mes-hall] 4 Jun 2014 the following general form
where ϕ(q, iΩ) is the scalar electromagnetic potential. The first term in Eq.
(1) describes the standard electronic polarization processes in the absence of the external magnetic field. The second and third terms couple density and magnetic responses, which is allowed by symmetry in any magnetic material. In particular, the second term, which may be regarded as a three-dimensional (3D) generalization of the Chern-Simons term, describes the anomalous Hall response, written in Landau gauge. The last term in Eq.
(1) may be thought of as a magnetic field-induced correction to the electronic compressibility of the ferromagnet. Indeed, let us consider the static limits of the Π 1 (q, iΩ) and Π 2 (q, iΩ) response functions. We have
and
Here σ II xy is a thermodynamic equilibrium part of the anomalous Hall conductivity 27 and κ is the electronic compressibility. The last relation can be viewed as simply a derivative of the Streda formula for the Hall conductivity Eq. (2) with respect to the chemical potential. Thus any ferromagnetic metal has a linear in magnetic field correction to its compressibility, which is proportional to the derivative of the equilibrium part of its intrinsic anomalous Hall conductivity with respect to the chemical potential. This is very closely related to what has been described as "Berry phase correction to the electron density of states in solids" by Xiao, Shi and Niu, 28 and can be argued to be present in any ferromagnetic metal, based only on symmetry considerations. In this paper we will argue that a Weyl metal is distinguished from an ordinary ferromagnetic metal by the absence of such a linear in magnetic field correction to the compressibility. Instead, there is a nonanalytic correction to the compressibility, proportional to the magnitude of the magnetic field and which is can be associated with the Weyl nodes. The analytic linear in the field correction appears only when the Fermi energy is sufficiently far from the Weyl nodes. In the following section we will demonstrate this explicitly for a simple model of a Weyl semimetal in a magnetically doped multilayer heterostructure, introduced before by one of us. 
III. DENSITY RESPONSE IN A WEYL METAL
We start from the model of a Weyl semimetal in a heterostructure, made of alternating layers of topological (TI) and ordinary (NI) insulators, doped with a sufficient concentration of magnetic impurities to produce a ferromagnetic state. 3 Since this model has already been described in detail in a number of publications, we will be brief with the introductory details here.
The Hamiltonian has the following form
is the interlayer tunneling operator, partially diagonalized by Fourier transform with respect to the layer index and k z is the corresponding component of the crystal momentum, defined in the first Brillouin zone (BZ) (−π/d, π/d) of the multilayer superlattice. The σ Pauli matrices act on the real spin degrees of freedom while the τ ones act on the pseudospin degrees of freedom, describing the top and bottom surfaces in the TI layers. b is the spin splitting due to magnetized impurities and A is the vector potential of the externally applied magnetic field. Throughout the paper we will use units in whichh = c = 1. Finally, we will neglect the Zeeman spin splitting due to the field, but will consider its effects in the Discussion section.
After the canonical transformation
the Hamiltonian takes the form in which the spin and pseudospin degrees of freedom decouple
The tunneling operator can now be diagonalized separately from the rest of the Hamiltonian, which gives
Here t = ± labels the two distinct eigenvalues of the tunneling operator t∆(k z ), where
The corresponding eigenvectors of the tunneling operator are given by
The two-component spinor |u t kz is a vector in the τ -pseudospin space. To diagonalize the remaining Hamiltonian, we orient the external magnetic field in the growth direction (ẑ), and pick the Landau gauge A = xBŷ. In the present model, this allows for a full analytic solution for the Landau levels. Our results are not restricted to this special orientation of the magnetic field, however. For the continuity of presentation, we defer the discussion of effect of the orientation of the field on our results until Section V. It is then easily shown 29 that the eigenstates of H t (k z ) have the following form
if B > 0 and the ↑ and ↓ are interchanged if B < 0. Here
and φ n,ky (r) are the Landau gauge orbital wavefunctions. s = ± labels the electron-like and hole-like sets of Landau levels
and the corresponding eigenvectors |v st n are given by
where |v st nkz is a vector in the σ-pseudospin space. The n = 0 Landau level is anomalous, as it is the only Landau level that does not consist of two symmetric electron and hole-like partners. Its energy eigenvalues are given by
when B > 0 and
when B < 0. The dependence of the energy of the n = 0 Landau levels on the sign of the magnetic field in Eq. (12) is important and will play a significant role in what follows. To simplify the notation we can introduce a composite index a = (s, t) and a tensor product eigenvector
We can now evaluate the density response. It is convenient to use the Landau level basis, introduced above, for this calculation and take the magnetic field to be static and uniform from the start. Integrating out electron variables in the presence of a fluctuating scalar potential ϕ, which mediates Coulomb interactions between the electrons, we obtain the following Matsubara action for ϕ(q, iΩ):
where the response function Π(q, iΩ) is given by
where B = 1/ e|B| is the magnetic length. We have assumed here that q = qẑ, i.e. we are interested only in the collective modes, propagating along the direction of the magnetic field, since only in this case does one get an anomalous contribution to the density response. In this case Landau levels with different indices n are not mixed in Eq. (17) . Furthermore, it is easy to convince oneself that only a = a contributions are important in determining collective mode dispersions, at least for small values of q. In this case, we can take z a nkz+q |z a nkz ≈ 1 and Eq. (17) simplifies to
(18) It is convenient to explicitly separate contributions from the anomalous n = 0 Landau levels and the rest. We obtain:
where
is the contribution of the two n = 0 Landau levels and
Note that the contribution of the n = 0 Landau levels exist only in the presence of the magnetic field and vanishes when B → 0. On the other hand, Π 1 (q, iΩ) does not vanish when B → 0, with the leading correction to the B = 0 result going as B 2 . At low magnetic fields we can then assume that the leading B-dependence of the density response function is contained entirely in Π 0 (q, iΩ), while Π 1 (q, iΩ) gives the B = 0 limit of the density response function.
Let us then focus on the field-dependent part, i.e. Π 0 (q, iΩ). Expanding both the numerator and the denominator of Eq. (20) to first order in q, we obtain
Let us restrict ourselves to the most interesting situation, when the Fermi level is not far from the Weyl nodes and crosses only the t = − Landau level. The values of k z , at which the crossing occurs are given by the solutions of the equation
The dependence on the sign of the magnetic field will thus enter into the final results only through their dependence on the Fermi energy. Eq. (23) has two solutions, which are given by k ± z = π/d ± k 0 , where
This solution exists as long as
Introducing the Fermi velocity in the z-direction, corresponding to the two crossing points above
we finally obtain
The dependence on the magnetic field enters throughṽ F , which depends on sign(B), and through the magnetic length, which depends on |B|.
Let us note the following very important property of Eq. (28) . Suppose the Fermi level is located not too far from the Weyl nodes, namely the following conditions are satisfied
In this limit, the Fermi velocity becomes
i.e. the dependence on the Fermi energy, and, therefore, on the sign of the magnetic field, drops out. Physically this means that the Fermi level is close enough to the Weyl nodes, so that the spectrum is to a good approximation linear and thus Fermi velocity is independent of the Fermi energy. In this limit, the dependence of the density response function on the magnetic field is thus nonanalytic (∝ |B|) and is the same as when the Fermi level coincides with the Weyl nodes, i.e. F = 0. It is not surprising that the B-dependence is nonanalytic at F = 0. However, the fact that the nonanalytic (∝ |B|) correction to the electronic compressibility dominates the analytic one for a finite range of F near the location of the nodes, is surprising and unexpected. This smokinggun feature is unique to doped Weyl semimetals, and can be used for their experimental identification. This is one of the main results of this paper.
Let us now explore in more detail the connection between the above result for the density response, and the anomalous Hall conductivity of a doped Weyl semimetal, more specifically its non-Fermi-surface part σ II xy . An explicit expression for σ II xy was derived by one of us in Ref. 30 : 
(32) Just as before, let us assume F is not far from the Weyl nodes. In this case, as above, only the t = − Landau level contributes to the integral in Eq. (32) . To evaluate the integral we need to solve the equation
This has two pairs of solutions, corresponding to ∆(k z ) = b ± F . Thus we obtain ∂σ II xy
wherẽ
coincide with the Fermi velocities, corresponding to the positive or negative sign(B) in Eq. (27) (note that the Hall conductivity itself is evaluated at zero field). Now let us go back to Eq. (28) for the density response function. Let us consider its static limit, i.e. take the limits Ω → 0 and q → 0 in such a way that Ω/v F q → 0. In this case we obtain
where κ 0 ∝ 2 F is the electronic compressibility in the absence of the magnetic field. We can now separate the compressibility into two parts, symmetric and antisymmetric with respect to changing the sign of the magnetic field. We obtain
while
An important difference between κ s and κ a is that while κ a is an analytic function of B, κ s is not. Comparing Eqs. (34) and (38), we obtain
which coincides with Eq. (3). Thus the magnetic field derivative of the analytic antisymmetric part of the electronic compressibility is equal to the derivative of the non-Fermi-surface part of the anomalous Hall conductivity with respect to the chemical potential. Note that ∂κ a /∂B vanishes exactly when F = 0, and approximately as long as the Fermi velocity is a constant, i.e. as long as the dispersion is linear to a good approximation.
The nonanalytic symmetric part of the magnetic field dependence of the compressibility, can in turn be expressed in terms of the derivative of σ II xy with respect to the magnetization b, as
which is also obtained directly from Eq. (31). The above results are summarized in Fig. 1 .
IV. PLASMONS IN A WEYL METAL

A. Plasmons in a clean Weyl metal
Let us now find the plasmon mode frequency as a function of the magnetic field. We will first consider the case of a clean Weyl metal, ignoring impurity scattering. The B-independent part of the density response function, i.e. the B → 0 limit of Π 1 (q, iΩ), may be easily evaluated analytically when F is small. In the dynamical limit |Ω| v F q one obtains
wherev F =ṽ F ( F = 0). The quadratic dependence of Π 1 (q, iΩ) on the Fermi energy reflects the energy dependence of the density of states near the Weyl nodes g( ) ∝ 2 . Collective mode frequency is given by the solution of
(42) Solving Eq. (42) we obtain the following expression for the plasmon frequency of a Weyl metal The first term is the square of the plasmon frequency of an ordinary metal with the density of states g( ) ∝ 2 , while the second term contains the leading correction due to the magnetic field. Note that for small F → 0, Eq. (43) is valid for e 2 /v F 1 only. Otherwise, the dielectric screening by higher Landau levels should in general be taken into account.
Just as in our discussion of the electronic compressibility before, the field-dependent contribution can be separated into a nonanalytic part, proportional to |B|, and an analytic part, proportional to B as
The antisymmetric part vanishes as long as the spectrum is linear. In this case the plasmon frequency of a Weyl metal contains a nonanalytic correction, proportional to the magnitude, but not the sign, of the applied field. As mentioned above, this should be regarded as a general property of a Weyl metal and its smoking-gun experimental signature.
B. The absence of "hydrodynamic" plasmon modes at low frequencies
In this subsection we will discuss the situation when there is a considerable impurity or electron-electron scattering present near each Weyl node, while the inter-node scattering may still be regarded as weak. In this case can one still think of well-defined nodes and safely regard the material a Weyl metal. 31 Specifically, we would like to see if there is a new type of collective mode with the oscillation frequency low compared to the intra-nodal momentum scattering rate, yet high compared to the typical inter-node scattering rate. We will show that if the Fermi level is such that it crosses multiple Landau levels, as can generically be expected at weak fields in a Weyl metal, the parameter regime for the existence of such a mode is essentially absent.
For simplicity, we will abandon our microscopic model of a Weyl metal here and consider a generic low-energy model of a Weyl metal with two nodes and two corresponding "valleys" (we will refer to them by the ± chirality of the node), when the Fermi energy is away from the nodes. We will also use a semiclassical, instead of a fully microscopic approach.
We consider a plasmon mode, propagating along an external magnetic field, B. The fluctuations of particle density in the ± valleys in such a density wave are connected with the current fluctuation via the continuity equation, which however contains an anomalous nonvanishing total divergence due to chiral anomaly. Neglecting the intervalley scattering for a moment, the continuity equation reads
The equation for the current, flowing along the magnetic field, including the usual Drude contribution, but neglecting the diffusion current as we intend to consider the q → 0 limit, is given by
where µ ± are the chemical potentials in the two valleys. An implicit assumption in Eq. (47) is that the intravalley impurity scattering is strong enough, so that each valley may be assumed to be in a quasi-equilibrium state at any given moment, characterized by the corresponding chemical potential µ ± . The Drude conductivity, σ D is assumed to be isotropic for simplicity. The electric field entering Eq. (47) is produced by the total fluctuation in the local density
Finally, the fluctuations in the density in each valley are related to the fluctuations in the chemical potentials via the usual Thomas-Fermi relations
where F is the value of the unperturbed Fermi level, and g B is the density of states at the unperturbed Fermi level (which depends on the magnetic field, hence the subscript). 
For B = 0, this equation has a purely imaginary solution ω = −8πiσ D which corresponds to the Maxwell relaxation of charge fluctuations with a decrement determined by the total Drude conductivity in the two valleys, 2σ D . Solutions with a non-zero real part, corresponding to either overdamped or underdamped oscillations, appear for
For large magnetic fields, such that v F / B > ∼ F , the inequality in Eq. (51) is clearly satisfied, and for v F / B F we recover the result for the plasmon frequency, obtained in the previous subsection
In the opposite limit v F / B < ∼ F , it is easy to see that Eq. (51) prohibits the existence of any propagating modes. Indeed, in the limit of weak magnetic fields, the expression for σ D is σ D ≈ e 2 2 F τ tr /3v F , and it is easy to check that Eq. (51) yields a condition
Such condition can be reconciled with the weak field one only for F τ tr 1, which is hard to imagine to hold. Therefore, in the regime of weak magnetic fields only the usual plasmon mode exists, whose frequency is given by Eq. (43).
V. DISCUSSION AND CONCLUSIONS
We have so far restricted ourselves to considering only the orbital effect of the applied magnetic field. In reality, Zeeman effect is also present and can be expected to influence the results. Let us demonstrate that our conclusions are in fact unchanged even when the Zeeman effect is taken into account. Zeeman splitting adds a term gµ B B to the magnetization-induced spin splitting b. Substituting this correction into Eq. (27) for the Fermi velocity as a function of b and F , it is clear that the effect of this correction is equivalent to a shift of the Fermi energy by gµ B |B|. This has no effect on our results, as long as the Fermi velocity may be regarded as being independent from the Fermi energy. Thus our conclusions regarding the absence of an analytic linear-in-B correction to the electronic compressibility of a Weyl metal are unchanged by adding the Zeeman splitting.
Another issue that has so far not been discussed is the dependence of our results on the orientation of the magnetic field relative to the magnetization. On symmetry grounds we expect that the linear in magnetic field correction to the compressibility, which is common in normal metallic ferromagnets, but is absent in Weyl metals, should be proportional to B ·m, wherem is the unit vector in the direction of the spontaneous magnetization (ignoring any intrinsic anisotropy that the material may have in the absence of the magnetization). The nonanalytic correction, proportional to |B|, on the other hand, should depend on the direction of the magnetic field less strongly, only to the extent required by possible anisotropy of the band dispersion near the Weyl nodes.
The expected sensitivity of the proposed effect to temperature and disorder, which will ultimately determine its experimental observability, is clearly a nonuniversal quantitative question, the answer to which depends on the specifics of the electronic structure of a given material. However, one can generally expect the most important energy scale in this regard to be the exchange spin splitting b. Thus, as long as the temperature is significantly less than the critical temperature of the ferromagnet-paramagnet phase transition, and as long as the disorder-induced broadening of the density of states is significantly less than b, the anomalous correction to the compressibility should be observable. These conditions are easily satisfied in any material with a reasonably strong magnetic order (i.e. a critical temperature that is not too low).
The model of a Weyl metal we have explicitly considered in this paper relies on broken time reversal symmetry to realize it. The second class of Weyl metals is realized when inversion symmetry is broken instead. 32 In this realization of a Weyl metal, anomalous Hall effect and linear in magnetic field correction to compressibility are absent by symmetry. The leading analytic correction to compressibility in this case is proportional to B 2 .
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However, the nonanalytic ∼ |B| correction still exists. The same is true in the special case of Weyl semimetal in Y 2 Ir 2 O 7 , where, while time reversal symmetry is broken, the macroscopic magnetization is zero due to the "all-in/all-out" magnetic order. 1 The presence of such a nonanalytic ∼ |B| correction to compressibility and to (square of) the plasmon frequency may thus be regarded as a universal property of Weyl metals, independent of the specific realization. This effect is especially striking when the Fermi level coincides with the Weyl nodes, i.e. F = 0 in our model. In this case, in the absence of magnetic field the Weyl semimetal is incompressible, since the density of states vanishes. However, when an external field is applied, there appears a finite compressibility, proportional to |B| and the corresponding plasmon collective mode with frequency ω ∼ |B|.
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